The number of generators of a module over a fully bounded ring  by Warfield, R.B
JOURNAL OF ALGEBRA 66, 425-447 (1980) 
The Number of Generators of a Module 
over a Fully Bounded Ring* 
R. B. WARFIELD, JR. 
Universify of Washington, Seattle, Washington 98195 
Communicated by A. W. Goldie 
Received March 14, 1978 
We prove a theorem giving an upper bound for the number of generators 
of a module in terms of local data, for a class of rings which includes 
Noetherian rings which are right fully bounded. Forster and Swan have 
proved such results for commutative Noetherian rings and finite algebras 
over these rings. Eisenbud and Evans have shown, further, that from any 
given set of generators for a finitely generated module over such an algebra, 
the number predicted by the theorem can be obtained by a certain kind of 
elementary transformation. This result we also obtain for our wider class of 
rings. Regarding these results as results about the existence and structure of 
epimorphisms F -+ A, where F is free and A the module, we obtain also 
corresponding results were F is a direct sum of copies of some projective 
module other than R. The chief difficulties throughout are those involved in 
finding substitutes for arguments involving localization, which is not an 
available tool in our context. For prime rings of Krull dimension one, we can 
remove the boundedness condition, and also obtain for hereditary Noetherian 
prime (HNP) rings the analogue of a result of Roiter’s for lattices over 
orders. We also obtain a weaker result for epimorphisms F + A, where F is a 
direct sum of copies of some finitely presented module which is not 
projective, and a uniqueness result (up to right equivalence) for 
epimorphisms F + A, where F is a large enough free module. 
In the following, terms like “Noetherian” and “Goldie”-&e applied on 
both sides unless specified otherwise. If A is a module, we let the direct sum 
of n copies of A be denoted wi (rather than A”), in or&r to avoid confusion 
when referring to ideals. If A is a module, we let g(A) be the smallest number 
which is the cardinality of a set of generators for A. A prime ring is right 
bounded if every essential right ideal contains a nonzero two-sided ideal, and 
a ring R is right fully bounded if for every prime ideal P, R/P is right 
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bounded. All modules in this paper are right modules. The following three 
theorems are special cases of our results. 
THEOREM A. If R is a Noetherian, right fully bounded ring of finite 
Krull dimension d, and A is a finitely generated right R-module, then 
g(A) < d + max{ g(A/AWl, 
where the maximum is taken over all maximal ideals M of R. 
Here the Krull dimension can be taken as either the usual classical Krull 
dimension, defined in terms of prime ideals, or the non-commutative Krull 
dimension, since these agree for these rings [ 121. If R is commutative, 
g(A/AM) = g(A,), where A, is viewed as a module over the localization R,, 
so Theorem A then reduces to Forster’s well-known theorem [5]. 
THEOREM B. Let R, d, and A be as in Theorem A, and 
s = d + max{ g(A/AM)}, where the maximum is taken over all maximal 
ideals A4 of R. Let {x, ,..., xl} be a set of .generators for A, with t > s. Then 
there is a set of generators for A of the form xi + yi, 1 < i < s, where 
yiEx,+,R + ..’ +x,R. 
One consequence of Theorem B is that given an epimorphismf: tR --f A for 
large enough t, there is a change of basis of a very simple type so that if we 
use the decomposition of the free module coming from the new basis, we 
havef: sR @ (t - s)R -P A, where f restricted to the second summand is zero. 
For these rings, this relines results obtained in [ 191, which depend only on 
the stable range of R. 
If F is a finitely generated projective module, we let g(F, A) be the smallest 
integer k such that there is an epimorphism kF + A. If no such k exists, we 
let g(F, A) = co. We prove below a more general version of Theorems A and 
B with g(A) and g(A/AM) replaced by g(F, A) and g(F, A/AM). (For details, 
see Theorem 5.) 
These results can be improved by replacing Krull dimension by J- 
dimension and using a bound that depends on non-maximal primes. For 
Theorem A, in the case which R is a finite algebra over a commutative ring, 
this was done by Swan in [ 161. We recall first that an ideal which is the 
intersection of maximal right ideals over such a ring is actually the inter- 
section of maximal ideals, since primitive factor rings of R are Artinian. 
Such an ideal is called a J-prime. The J-dimension of R is then the maximal 
length of a chain of J-primes, and our result will apply whenever this is 
finite. In the commutative case, one also considers the number of generators 
of the modules A, for various primes P. Without localization, we must again 
replace this with something else. In the commutative case, this number is not 
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the number of generators of A/AP, but rather is the dimension of the vector 
space (A/AP) @ K, where K is the quotient field of R/P. In our situation, for 
any prime ideal P, R/P again has a classical right quotient ring which is 
Artinian (by Goldie’s theorem), which we will denote by Q(R/P). We 
therefore define 
g(P, A > = g((A/-W 0 Q(W)), 
where the module on the right is regarded as a Q(R/P)-module. (Alter- 
natively, g(P, A) is the minimum cardinality of a subset X of A such that if 
[X] is the submodule generated by X, the A/(AP + [Xl) is singular as an 
R/P-module.) We let 
b(P, A) = g(P, A) + J-dim(R/P), 
whenever g(P, A) # 0, and b(P, A) = 0 otherwise. More generally, if F is a 
finitely generated projective module, we let g(P, F, A) be the number k of 
copies of F needed so that there is a homomorphism J”z kF + A such that 
A/W + f(W) is singular as an R/P-module. (If no such k exists, we let 
g(P, F, A) = co. Note that if Q is the right quotient ring of R/P, and 
f, : WC3 Q> -+ (A/W 0 Q is the induced homomorphism of Q-modules, 
then A/(AP + f(F)) is singular as an R/P-module if and only if f, is 
surjective.) We let 
b(P, F, A) = g(P, F, A) + J-dim(R/P) 
whenever g(P, F, A) # 0, and b(P, F, A) = 0 otherwise. 
THEOREM C. If R is a right Noetherian, right fully bounded ring, and A 
and F finitely generated right R-modules, such that F is projective, and 
s = max{ b(P, F, A)}, where the maximum is taken over all J-primes P, then 
g(F, A) < s. In particular, g(F, A) is finite if the upper bound s is Jinite. 
As in the commutative case, both of these results can be proved in 
somewhat greater generality, (replacing “Noetherian” by “J-Noetherian,” for 
example), at the expense of some additional terminology. We should note 
that in contrast with the commutative case, it is not obvious that Theorem C 
implies Theorem A. For this, one needs to know that if P is a J-prime then 
there is a maximal ideal M > P such that g(M, A) > g(P, A). To prove this, 
one seems to need a hypothesis on the left side of the ring, which is why the 
hypotheses on R in Theorem A are stronger than those in Theorem C. 
The first section of the paper is devoted to terminology and lemmas about 
modules over semiprime rings. In the second section, we prove Theorem C in 
a stable form (Theorems 2 and 3). In Section 3, we change the estimate 
based on prime ideals to one depending only on maximal ideals, obtaining 
Theorems A and B. As we remarked previously, the chief difficulties are in 
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situations which are easy to handle in the commutative case by localization 
arguments. The chief technical contributions of this paper are the arguments 
needed to get around these points, particularly those needed for Lemmas 5 
and 6 and Theorems 1 and 4. 
In Section 4, we look at rings which are not necessarily bounded, but 
restrict ourselves to the case of prime rings of (noncommutative) Krull 
dimension one. Here we again obtain a version of the Forster-Swan theorem, 
and at the same time some stronger results for rings like Hereditary 
Noetherian Prime (HNP) rings. In particular, if R is an HNP ring and A and 
B are finitely generated nonsingular modules with rank(B) > rank(A) and 
rank(B/BM) > rank(A/AM) for all maximal ideals M of R, then A is a 
summand of B. This generalizes a theorem of Roiter’s [ 151, but is an incom- 
plete generalization, since Roiter’s result (for orders over Dedekind rings 
satisfying the Jordan-Zassenhaus theorem) was not restricted to hereditary 
orders. 
In the fifth section, we consider briefly the question of constructing 
epimorphisms kF -+A from local data when F is finitely presented but not 
projective. Here we do not know how to proceed without an actual theory of 
localization, and the results are restricted to algebras over commutative 
rings. 
In the final section, we seek conditions on a module A and a projective 
module F to guarantee that all epimorphisms FA are right equivalent (that is, 
they differ by an automorphism of F.) For the case where F is free, such a 
result is in [ 191, and depends on the stable range of R. We obtain a rather 
clumsy result which at least has the virtue of depending only on the Krull 
dimension of A (for finitely generated A over a right fully bounded right 
Noetherian ring R). 
1. TERMINOLOGY AND LEMMAS 
We will restrict our attention to rings for which right primitive factors are 
Artinian. In this situation, it is reasonable to introduce the previously 
mentioned notions of J-ideals, J-primes, and J-dimension. A ring is J- 
Noetherian if it satisfies the ascending chain condition on J-ideals. We will 
say that R is right J-fully bounded if for every J-prime P, and every essential 
right ideal I of RIP, there is a nonzero two-sided ideal of R/P contained in I. 
We summarize our standing hypotheses in the following condition, which we 
will simply call (*): 
(*) R is a J-Noetherian, right J-fully bounded ring, for which right 
primitive factors are Artinian, such that for every J-prime P, R/P is a right 
Goldie ring. 
In this situation, it is easy to verify [ 18, 3.9 and proof of 3.101 that if I is 
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a J-deal, then R/I is a semiprime right Goldie ring, and in particular, that 
there are only a finite number of primes minimal over I. 
All modules in this paper are right modules. If M is an R-module and 
XE M, we let [X] be the submodule generated by X and r(X) the right 
annihilator of X-those r E R such that for all x E X, xr = 0. An R-module 
M is singular if for all x E M, r(x) is an essential right ideal of R. If R is a 
right Goldie semiprime ring then every module M has a unique maximal 
singular submodule Z(M) such that M/Z(M) has no nonzero singular 
submodules. We say M is nonsingular if Z(M) = 0. We refer to [6] and [8 ] 
for details about Goldie rings and nonsingular modules. 
We recall that a module U is a uniform if it is nonzero and for every pair 
of non-zero submodules A and B, A n B # 0. If M is a module and the 
injective hull E(M) is a direct sum of a finite number of indecomposable 
modules, then the number of summands in such a decomposition is denoted 
rank(M), and (by the Krull-Schmidt theorem for indecomposable injectives) 
is an invariant of M. Otherwise we let rank(M) = co. If R is a ring, then 
rank(R) is the rank of R as a right R-module. If R is a semiprime right 
Goldie ring and M a module, we let rr(M) = rank(M/Z(M)), (the reduced 
rank of M [ 6, 1.2 11, where Z(M) is the singular submodule of M. If Q is the 
right quotient ring of R, then it is easy to verify that 
rr(MR) = rank(M@ Q,), from which it is clear (since RQ is flat) that if N is 
a submodule of M, then 
rr(M) = rr(N) + rr(M/N). 
More generally, if P is a prime, R/P is right Goldie, and A is a module with 
AP = 0, we let rrr(A) be the reduced rank of A as a right R/P-module. If U 
is any module, we let nU denote the direct sum of n copies of U. A module is 
torsionless if it is isomorphic to a submodule of a free module. 
LEMMA 1. Let R be a right Goldie prime ring and U a uniform right 
ideal. (i) If V is a nonzero right ideal of R then U is isomorphic to a 
submodule of V. (ii) Zf rank(R) = n, then R has an essential right ideal 
isomorphic to nU, and more generally, tf A is a module and rr(A) = k, then A 
has a submodule isomorphic to kU. (iii) If A is a finitely generated 
torsionless module of rank k, then A is isomorphic to an essential submodule 
of kU. (If R is also left Goldie, then any finitely generated nonsingular 
module is torsionless.) 
Proof For (i), note that VU # 0 and if for some v E V, VU # 0, then 
VU N U, and VU G V. (Compare [7, 1.101). For (ii), we first note that every 
nonsingular module contains a submodule isomorphic to a uniform right 
ideal of R. Clearly, if Z(A) 0 B is essential in A, then B is nonsingular and 
of rank rr(A), since it is isomorphic to an essential submodule of A/Z(A). By 
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18, 3.191, B contains an essential submodule which is a direct sum of k 
uniform modules. We infer from our previous remark and (i) that A contains 
a direct sum of k copies of U. For (iii), we note that Goldie’s lemma on 
regular elements implies that R, is isomorphic to a submodule of nU, so 
since A is torsionless, Horn@, U) separates points in A. From this, (iii) 
follows by an obvious induction. The final statement of the lemma is well 
known. 
Suppose R is a ring, P a prime ideal such that R/P is right Goldie, A is a 
finitely generated R-module, and F is a finitely generated projective R- 
module. We defined quantities g(F, A), g(P, F, A), and b(P, F, A) in the 
introduction. We note that if A is finitely generated, then g(P, F, A) will 
always be an integer unless F/FP = 0 (an easy consequence of Lemma l), in 
which case g(P, F, A) = co. Similarly, b(P, F, A) could be infinite for this 
reason or because J-dim(R/P) is not finite. 
LEMMA 2. If F is a finitely generated projective module and P a prime 
ideal with F # FP, and R/P is right Goldie, then g(P, F, A) is the smallest 
integer t such that 
t > rri44w 
’ rr,(F/FP) ’ 
Proof Let k = rr,(A/AP), n = rank(R), and m = rank(F/FP). A 
homomorphic image of t(F/FP) has reduced rank at most mt, so if 
t = g(P, F, A), t must be at least as big as the indicated formula. Now 
assume, as we may, that A is nonsingular. If t is the indicated integer then 
t(F/FP) is isomorphic to an essential submodule of tmU, where U is a 
uniform right ideal of R, by Lemma 1. Since k < tm, there is a 
homomorphism t(F/FP) + kU whose image is essential. Since, by Lemma 1 
again, A has an essential submodule isomorphic to kU, this proves the 
lemma. 
LEMMA 3. Let A be a nonsingular module over a semiprime right Goldie 
ring R. Let X be the set of minimal primes of R, and for each P E X, let 
A[P] = {a E A: aP= 0). Then @prXA[P] is essential in A. If D is a 
submodule of A and Q: A + A/AP is the natural map, then the restriction of qi 
to D[P] is injective and @(D)/d(D[P]) is singular (as an R/P-module). 
Finally, tf B is another submodule of A and B n D = 0 then 
4(B) n WF’I) = 0. 
Proof. Let Q be the right quotient ring of R, and Q = @YE i Qi, where 
each Qi is simple, and Qi = Qe,, where e, is a minimal central idempotent of 
Q. Then there are precisely n minimal primes, and we obtain then 
by letting Pi = R n (1 - ei)Q. If we embed A in its injective hull E(A), and 
recall the identification E(A) = A @ Q, then we see immediately that 
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A [Pi] = A fl (E(A) f?i). S ince A is essential in E(A), A[Pi] is essential in 
E(A)e,, and since E(A) = @;=, E(A)e,, we see that By=‘=, A[Pi] is essential 
in E(A) and, therefore, in A. 
Since Pi<Q(l -ei), AP, < E(A)( 1 - e,), while D[Pi] < E(A) ei. 
Therefore, AP, n D[Pi] = 0, so the restriction of 4 to D[Pi] is injective. We 
now wish to show that #(D)/#(D[Pi]) is singular as an R/Pi-module. It 
suffices to show it is singular as an R-module (for example, because A is 
singular if and only if A @ Q = 0, which implies A @ Qi = 0). Since 
D/(0:= 1 D[PJ) is singular, as we have shown, it suffices to show that for 
each index j, j# i, D[Pj]/D[Pj] Pi is singular as an R/Pi module. Since 
(Pi + Pj)/Pj is nonzero ideal in R/Pj, any R/Pj-module annihilated by this 
ideal is singular. This calculation shows that D/(DP, 0 D[P,]) is singular, 
which proves that ti(D)/#(D[P]) is singular. 
For the last statement, note that if B[P] n D[P] = 0 then since both are in 
A [PI, and 4 restricted to A[P] is injective, we have that 
qS(B[P])nqS(D[P]) = 0. It follows that #(R)n #(D[P]) is isomorphic to a 
submodule of $(B)/#(B[P]), which we have just shown is singular. Since 
o(D[P]) is nonsingular, we must have 4(R) n Q(D[P]) = 0 as required. 
LEMMA 4. Let R be a right nonsingular ring (e.g., a semiprime right 
Goldie ring) and A, B, and C submodules of a module M such that 
M/(A + B) and M/C are singular. Then there is a submodule D G B n C 
such that A n D is singular and M/(A + D) is singular. 
Proof: From [8, 1.231 we know that an extension of singular modules is 
singular, and that M/Z(M) is nonsingular. For convenience, we let 
Z = Z(M), and we use bars for the images of submodules of M in M/Z, so 
that 2 = (A + Z)/Z. Choose X maximal in B such that X f7 2 = 0. If x + X 
were not essential in M/Z, then there would be a nonzero nonsingular 
submodule of (2 + B)I@ + X) E B/(pn (x + X)), (since ,? + g is essential 
in M/Z), so (x + X) n g would not be essential in i?, which is impossible. 
Hence x + X is essential in ti, and zf7 X = 0. If Y = Xn c, then Y is 
essential in X, so A@ Y is essential in li;i and Y c sn c. (This would 
complete the proof if M were nonsingular, with D = Y.) Let Y’ = 
{yEM: y+ZE Y}. Clearly, Y’nA is singular. Let D = Y’ n B n C. We 
need only shown that M/(A + D) is singular. To see this, we note that there 
is a series of epimorphisms 
M/(A + D) + M/(A + (Y’ n B)) --) M/(A + Y’). 
Note that Y’ > Z, so the module on the right is isomorphic to n/(x+ Y) 
and hence is singular. The kernel of the first homomorphism (starting from 
the right) is Y’/(Y’n [A + (Y’nB)])g Y’/[(Y’nA)+ (Y’nB)] which is a 
homomorphic image of Y’/(Y’ n B). Since Y’ <B + Z, Y’/(Y’ n B) is a 
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submodule (B + Z)/B 2 Z/(Z 17 B), which is singular. The kernel of the 
second map is a homomorphic image of (Y’ n B)/D = (Y’ n B)/(Y’ n 
B n C) which is singular. It follows that M/(,4 + 0) is singular, being built 
up from singular modules. This completes the proof of the lemma. 
2. THE ESTIMATE FROM DATA AT PRIME IDEALS 
LEMMA 5. Let R be a ring satisfying (*), F a finitely generated 
projective module, and A a finitely generated right module, and suppose that 
the maximal value of b(P, F, A) over all J-primes of R is finite. Then there 
are only a Jinite number of J-primes P at which b(P, F, A) takes on its 
maximal value. 
Proof. We first will show that we may assume that the J-dimension of R 
is finite. We first note that we may consider A as an R/r(A)-module. (If P is 
a J-prime which does not contain r(A), then clearly g(P, F, A) = 0, so 
b(P, F, A) = 0.) Also, since we are only interested in J-primes P, we have 
P > J(R), so AP > AJ(R). We therefore lose nothing by passing to A/AJ(R) 
as an R/J(R)-module. We now do this successively. Let J,/r(A) = J(R/r(A)), 
and A, = A/AJ,. If this is not a faithful R/J,-module, we may repeat the 
process, first factoring out r(A,) and then J,, where J, is an ideal of R such 
that J,/r(A ,) = J(R/r(A 1)). P roceeding in this way, we get an ascending 
chain J, <J, < .. <J, of J-ideals of R, which must terminate since R is J- 
noetherian. At the end of this, we come to the conclusion that we may 
assume that our J-Noetherian ring R is semiprime, with zero Jacobson 
radical, (from which it follows easily that the minimal primes are J-primes), 
and A is a faithful finitely generated module. It follows from this that if P is 
any minimal prime of R, g(P, A) = 0 implies (by the boundedness condition 
and the fact that P is a J-prime) that there is an ideal Z properly greater than 
P such that (A/AP)Z = 0, so that AZ = AP. If Q is the product of the minimal 
primes other than P, then AZQ = APQ = 0 (since the product of the minimal 
primes is their intersection in a semiprime Goldie ring), which contradicts 
the faithfulness of A. 
If g(P, A) # 0, then if b(P, F, A) < co, it must be that in particular, J- 
dim(R/P) < 00, from which it follows that R has finite J-dimension. We may 
therefore assume this in what follows. 
We next prove that if P is a J-prime, there is a finite set, Y, of J-primes 
such that if Q E Y, then Q 2 P, Q # P, and such that if S is any J-prime 
containing P with g(S, F, A) > g(P, F, A), then for some Q E Y, S 2 Q. To 
prove this, we let P be a J-prime, A a finitely generated module, and 
g(P, F, A) = k. There is, then, a homomorphism f: kF + A such that if 
f * : k(F/FP) -+ A/AP is the induced homomorphism, then C = Coker(f *) is 
singular as an R/P-module. The hypothesis (*) clearly implies that the right 
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annihilator of C is an ideal properly containing P. We call this ideal I. The 
set Y we want consists of those Z-primes of R which are minimal over I. The 
hypotheses clearly imply that this is a finite set. To see that this set works, it 
suffices to show that if Q is a Z-prime, Q I> P, and Q does not contain I, then 
g(Q, F,A) < g(P, F,A). The homomorphism f induces a short exact 
sequence 
k(F/FQ) --$ A/AQ --) C/CQ -, 0. 
If Q does not contain I, then Q + Z > Q, so as an R/Q-module, C/CQ has a 
nonzero annihilator. This implies that C/CQ is singular as an R/Q-module, 
which shows that g(Q, F, A) < k, as desired. 
We now use the above fact to prove Lemma 5, assuming that the J- 
dimension of R is finite (as we have shown we may). We use induction on 
the J-dimension of R. We obtain from the previous argument a finite set Y of 
nonminimal J-primes such that if k is the maximal value of b(P, F, A) for all 
minimal J-primes P, then for every nonminimal J-prime S, b(S, F, A) > k 
only if for some Q E Y, S 2 Q. Let Z = n,,, Q. Since J-dim R/Z < J-dim R, 
we see that there are only a finite number of Z-primes S, S 2 I, at which 
b(S, A/AZ) takes its maximal value. Since for these primes, b(S, F, A/AZ) = 
b(S, F, A), and the Z-primes S at which b(S, F, A) is maximal are either 
minimal J-primes or contain I, the result is proved. 
DEFINITION. If A is a right R-module, F a finitely generated projective R- 
module, P a prime ideal of R such that R/P is right Goldie, and 
f E Hom(F, A), then f is basic at P if g(P, F, A/f(F)) = 0 or 
g(P, F, A/f(F)) < g(P, F, A). We say f is maximal at P if either 
A/(AP + f (F)) is singular as an R/P-module (i.e., g(P, F, A/f (F)) = 0), or 
the induced map f * : F/FP -+ A/AP is injective. 
We recall that if f: F -+ A is a homomorphism, P is a prime ideal such that 
RIP is right Goldie, and Q is the right quotient ring of R/P, then f, is the 
induced homomorphism (F/FP) @ Q --t (A/FP) @ Q. In particular, f, = 0 if 
and only if the image of the induced homomorphism F -+ A/AP is singular 
(as an R/P-module). 
THEOREM 1. Let R be a ring, X a finite set of primes of R such that 
P E X implies that R/P is right Goldie, F a finitely generated projective 
module, A and G modules, f E Hom(F, A) and g E Hom(G, A). Then there is 
a homomorphism 4: F -+ G such that for all P E X, either f + gq$: F + A is 
maximal at P or Image((f + g#)p) = Image( gp) + Image(f,). 
Proof. We first consider the special case where R is prime, A is 
nonsingular, and X consists only of the prime 0. Let A’ = f (F) t g(G). 
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There is a submodule D of g(G) such that f(F) n D = 0 and f(F) + D 
is essential in A’ (by Lemma 4). By nonsingularity and induction 
on the uniform rank of the image, it suffices to find f’: F -+ D 
such that Ker(f + f’) < Ker(f). S ince f(F) n D = 0, Ker(f + f’) = 
Ker(f) n Ker(f’). Therefore, this can always be done unless Ker(f) s 
Ker(f’) for all f’ E Hom(F, D), (which we now assume). We let 
Ker(Hom(f, 0)) = n Ker(f’) where the intersection is over all 
f’ E Hom(F, D). If D = 0, the proof is completed, so we must show that if 
D # 0 then Ker(Hom(F, 0)) = 0, which will imply that f is injective. Since 
the annihilator of D is zero, Ker(Hom(F, D)) c Ker(Hom(F, RR)), and this 
kernel is clearly zero, which proves the result, in this case. 
In general, let X = Y U W, where W is the set of primes minimal in the set 
X and Y = X - W. Let S be the intersection of the primes in W and Z the 
intersection of the primes in Y. Clearly, I2 S and Z/S is essential in R/S. By 
induction on the size of X, we may assume that f satisfies our conditions at 
all primes in Y. It will suffice to find f ‘: F + g(G) n AZ such that f + f’ 
satisfies our conditions at all primes in W, since if P E Y, f + f’ and f 
induce the same map F -+ A/AP. Since AZ contains AS, we may safely factor 
out AS and, in effect, assume that S = 0, R is semiprime and right Goldie, 
and W is the set of minimal primes of R. 
As before, let A’ = f(F) + g(G). By Lemma 4, there is a submodule D of 
AZ n g(G) such that D f7 f(F) is singular and A’/D + f(F)) is singular. We 
let J‘ denote the map induced by f from F to A/Z(A), and D the image of D 
in A/Z(A). We next note that it will suffice to find f “: F + d such that 
f + f” satisfies our conditions at all primes in W, so in effect, we may 
assume that A is nonsingular, D r-7 f (F) = 0, and our job is to find an 
f ’ E Hom(F, D) such that f + f' satisfies our conditions at the minimal 
primes of R. By Lemma 3, we may reduce D further and assume that 
D=&W D[P], where the annihilator of D[P] is P. If P’ #P, P’ E W then 
DFWV’l n AZ”) is singular, so we may reduce still further and assume 
D[P] c: AP’ for all such P’. If P E W, then the images off(F) and D[P] 
have zero intersection, (by Lemma 3) so by the argument in the first part of 
the proof, there is an f" E Hom(F, D[P]) such that f + f" satisfies our 
conditions at P. If P’ is another prime in W, then D[P] c AP’, so f and 
f + f” induce the same map F + A/AP. In a finite number of steps, we 
complete the proof. 
COROLLARY 1.1. Zf R be a prime right Goldie ring, A a module, 
IX , ,..., x,} elements of A, and B c A such that A/(x, R + .. + x, R + B) is 
singular, then there are elements yi E B, 1 < i < n such that either 
(i) (xi + y,)R 2 R and C (xi + y,)R is direct, or 
(ii) A/(x (xi + y,)R) is singular. 
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THEOREM 2. Let R be a ring satisfying hypotheses (*), F a finitely 
generated projective module, and A a finitely generated module, and suppose 
that max(b(P, F, A)} isBnite, where the maximum is taken over all J-primes 
P. Then g(F, A) is finite and 
g(F,A)<max{b(P,F,A)) 
Proof. This proof is obtained by making obvious changes in the proof of 
[ 16, p. 3211. Let X be the set of J-primes at which b(P, F, A) is maximal, 
and let this maximal value be k. By Lemma 5 this is a finite set, so by 
Theorem 1, there is an f E Hom(F, A) which is maximal at each of these 
primes. If B = A/f(F), then we see easily that for all J-primes P, 
b(P, F, B) < k. By induction, there is an epimorphism (k - 1)F + B, which 
lifts to a homomorphism from (k - l)F to A. The sum of this and our 
original homomorphism f, gives a homomorphism kF + A which is clearly 
an epimorphism. 
COROLLARY 2.1. If R is a ring satisfying hypothesis (*) and A is a 
ftnitely generated right R-module, then 
g(A) < maxlW,A)l, 
where the maximum is taken over ail J-primes P. 
Corollary 2.1 is a generalization of Swan’s theorem [ 161. 
THEOREM 3. Let R be a ring satisfying (*), A a finitely generated R- 
module. Let (f,,..., f,): tF + A be an epimorphism. Suppose that for each J- 
prime P such that (f,), # 0, t > b(P, F, A). Then there are endomorphisms 
El ,--*, Et- 1 of F such that (f, +f E r ,,..., ft-l +fietpl): (t- l)F+A is 
epimorphism. 
Proof Let X be those J-primes such that (f,), # 0 at which b(P, F, A) is 
maximal. We assume for the moment that X is necessarily finite, and 
complete the proof. By Theorem 1, we can find 6: F+ F such that for each 
P E X, either Image(f, + f,S), > Image((f,),) or f, + f,S: F-, A is maximal 
at P. Let B = (f, + f,@(F), let h: A + A/B be the natural map, and notice 
that (hfz ,..., hft): (t - l)P+ A/B is an epimorphism. We wish to assert that 
the theorem is proved by induction on t, and for this we must check that for 
any J-prime P such that (hft)p # 0, we have t - 1 > b(P, F, A/B). 
If this were false for some P, then necessarily t - 1 = b(P, F, A), so P E X. 
If P E X, then by the construction of 6, either f, + f,S is maximal at P or 
(hf,), = 0. We may therefore assume that f, + f,S is maximal, which implies 
that g(P, F, A/B) < g(P, F, A), and thus that b(P, F, A/B) < b(P, F, A). Since 
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b(P, F, A) < t - 1, we have obtained a contradiction which establishes the 
induction. 
To complete the proof, we must show that X is a finite set. Let Q be the 
intersection of all of those J-primes P such that (f& # 0. Q is a semiprime 
J-ideal, and thus is a finite intersection of J-primes, Q = fipEy P. We claim 
first that Y G X. If for some P E Y, (f,), = 0, then there is an ideal Z of R/P, 
I # 0, such that modulo P, f,(F)Z = 0. That is, there is an ideal Z properly 
containing P such that f,(F)Z G AP. It follows that f,(F) ZP’ G AQ, where P’ 
is the product of those primes in Y other than P. Now if S is a J-prime such 
that S 2 Q and S does not contain ZP’, then it is clear that (j& = 0. It 
follows that all primes in X contain ZP’, which is impossible, since their 
intersection is Q. 
We may now factor out AQ and work with R/Q-modules without loss of 
generality. What we have just shown implies that R/Q has finite J-dimension, 
so we assume Q = 0 and we prove our result by induction on the J- 
dimension. Let m = max,,y b(F, P, A). We cannot cite Lemma 5 directly, but 
as in the proof of that lemma, there is a finite set W of primes of R such that 
the primes in W are not minimal and such that if S is any J-prime, then 
either b(F, S, A) < m or S 1 P for some P E W. Let Z be the intersection of 
the primes in W. By induction on the J-dimension, there are only a finite 
number of primes P of R/Z at which (f,),, # 0. We may assume the result 
known for the ring R/Z, so there are only a finite number of primes P E X 
such that P 2 I. Since the other primes in X must all be in the finite set Y, 
this shows that X is finite, and completes the proof of Theorem 3. 
Remark. In the special case in which R is a finite algebra over a 
commutative ring, and F = R,, this is Theorem B of 121. 
COROLLARY 3.1. Let R be a ring satisfying (*) and A a finitely 
generated module such that R/r(A) has J-dimension d. Let F be a finitely 
generated projective module and m = max{b(P, F, A)}, where the maximum 
is taken over all J-primes P. Let (f, ,..., f,): tF + A be an epimorphism, where 
t > m. Then there are endomorphisms .zii of F, 1 <j < m, m + 1 < i < t, such 
that 
is an epimorphism. 
COROLLARY 3.2. Let R be a ring satisfying the hypothesis (*), A a 
finitely generated right R-module, {x, ,..., x,} a set of generators for A, and 
n > s = max(b(P, A)}, where the maximum is taken over all J-primes P. 
Then there are elements yt E x,+ , R+... +x,R, 1 <i<s such that A is 
generated by the elements xi + yi, 1 < i < s. 
NUMBEROFGENERATORS 431 
COROLLARY 3.3. Let R be a ring satisfying (*), A a finitely generated 
module, and m = max{b(P, A)} where the maximum is taken over all J- 
primes P, and suppose that this maximum is finite. Let f: tR --t A be an 
epimorphism, with t > m. Then after a change of basis in tR, we can write 
tR = mR@(t - m)R, where f restricted to the second factor is the zero map. 
Remark. This result is related to [ 19, Theorem 81, but differs in that the 
result in ] 191 applies to any ring with a positive integer in the stable range, 
but does not give as sharp a result for the rings we are considering here. 
3. THE ESTIMATE FROM MAXIMAL IDEALS 
In the commutative case (or for algebras over a commutative ring, in 
which the localization takes place with respect o primes in the commutative 
ring), it is clear that if P is a prime ideal and it4 is a maxial ideal containing 
P, then g(P, A) < g(M, A), since A, = (A,),. In the noncommutative case, it 
is easy to see that there can be a prime P with g(P, A) # 0 and a maximal 
ideal M containing P such that g(M, A) = 0. It is therefore not quite obvious 
that from Theorem 2 we can conclude that A can be generated by 
max{ g(M, A)} + J-dim(R) elements. To show this, we would like to show 
that if P is a J-prime, there exists a maximal ideal M? P with g(M, A) > 
g(P, A). We have been able to prove this only with an additional hypothesis. 
The argument gets some additional results which have some amusement 
value. 
THEOREM 4. Let R be a right bounded, right Goldie prime ring. (i) 
There is a nonzero ideal I of R such that if P is a prime with R/P right 
Goldie and P $! I then rank(R/P) is a multiple of rank(R). (ii) If A is a 
finitely generated torsionless module, there is a nonzero ideal I of R such 
that if P is a prime with R/P right Goldie and P 2~ I, then 
rrKA/AP)RIPI = ranW/p) = k 
rank(A,) rank(R) ’ 
where k is a positive integer (depending on P). 
Proof. For (i), we let U be a nonzero uniform right ideal, I’ an essential 
right ideal of R isomorphic to nU, where n = rank(R), x a regular element of 
R with XR G V, and choose I (using the boundedness of R) such that 
(V/xR)I = (R/V)I = 0. We obtain two exact sequences for each prime P: 
xR/xP + V/VP + V/(xR + VP) + 0 
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and 
V/VP -+ R/P -+ R/(P + V) -+ 0. 
If P S Z, then P + Z > P, so (P + Z)/P is an essential ideal of R/P. Since Z 
annihilates the right hand side of each sequence, it follows that if we tensor 
both sequences with Q, where Q is the right quotient ring of R/P we obtain 
exact sequences 
and 
Q,+V/VP>O Q-0 
(V/W 0 Q -, Q, --f 0. 
Since Q is a simple Artinian ring, both maps must be isomorphisms. Since 
V/VP g n(U/UP), we see that n divides the rank of Q, which is the desired 
result. 
In case (ii), we again choose a nonzero uniform right ideal U, let 
n = rank(R) and m = rank(A), and choose imbeddings #:A + mU and 
v: mU+ A (as we may by Lemma I). As before we choose V an essential 
right ideal of R, V r nU and x a regular element of R with XR s V. Choose 
the ideal Z such that 
(R/V)Z = (V/xR)Z = (mU/#(A))Z = (A/y/(mU))Z = 0. 
Using the previous argument, it is clear that if Pa Z, and R/P is right 
Goldie, then 
and 
raWR/p) = n(r~[(~/WRlpl>~ 
which proves our result (with k = rr(U/UP)). 
LEMMA 6. Zf R is a ring satisfying (*), A is a fmitely generated R- 
module, F a finitely generated projective R-module, and P is a J-prime of R 
such that R/P is left Goldie, then there is a maximal ideal M containing P 
such that g(P, F, A) & g(M, F, A). 
Proof. We may assume that P = 0 so that R is a prime Goldie ring. Let 
Z(A) be the singular submodule of A and B = A/Z(A). Since B is torsionless, 
Theorem 4 implies that there is a maximal ideal M such that 
rank B/B&Z rank R/M rank F/FM 
rank B = rank R = rank F 
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and all these fractions are integers. (Here we apply the theorem twice to find 
and ideal I, I # 0, such that for every maximal ideal not containing I these 
relations hold, and then use the fact that P is a J-ideal to assert that there is 
such a maximal ideal.) This implies that 
rank B/BM rank B 
rank F/FM = ------I rankF 
Since B is a homomorphic image of A, and rank B = rrO(A), we obtain 
rank A/AM > 44) 
rank F/FM ’ rank 
A reference to Lemma 2 completes the proof. 
THEOREM 5. Let R be a ring satisfying hypothesis (*) and of finite J- 
dimension, and such that for every J-prime P, R/P is left Goldie, and let A be 
a finitely generated right R-module. Then 
g(A) < max{ g(A/AM)} + J-dim(R), 
where the maximum is taken over all maximal ideals M. More generally, if F 
is a finitely generated projective module, then 
g(F, A) < max{ g(F, A/AM)} + J-dim(R). 
Proof. From Theorem 2, we know that g(F, A) < max{b(P, F, A)}, where 
P ranges over all J-primes. If P is a particular prime at which this maximum 
occurs, then by Lemma 6, there is a maximal ideal M such that 
g(F, A/AM) = g(M, F, A) > g(P, F, A), which proves the stated inequality. 
It is clear that if we wished we could replace J-dim(R) by J-dim(R/r(A)) 
in this theorem. The following is a case where we make this explicit. 
COROLLARY 5.1. If R is a right fully bounded Noetherian ring and A a 
finitely generated module offinite Krull dimension d, then 
g(A) < max{ g(A/-Wl + 4 
where the maximum is taken over all maximal ideals M. 
Proof By [ 11,2.1], K dim(A) = K dim(R/r(A)). Since K dim(R/r(A)) > 
J-dim(R/r(A)), the corollary is a consequence of Theorem 5. 
Theorem A of the introduction is contained in Theorem 5. We leave it to 
the reader to similarly combine Theorem 3 and Lemma 6 to obtain a proof 
of Theorem B. 
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4. RINGS OF KRULL DIMENSION ONE 
In this section, we let R be a prime ring of (right) Krull dimension one, by 
which we mean a right Goldie prime ring over which finitely generated 
singular modules are Artinian. We first need what one might call a 
Forster-Swan theorem for Artinian modules, over any ring R. We recall that 
if A is a module, J(A) is the intersection of the maximal submodules of A. 
THEOREM 6. Let A be a finitely generated module over a ring R such 
that A/J(A) is Artinian, and let F be a ftnitely generated projective module 
which generates A (i.e., there is an epimorphism nF + A for some positive 
integer n). Suppose that either R has right Krull dimension (e.g., R is right 
Noetherian) or that F is a generator. Then there is an epimorphism F --) A if 
and only tf for each maximal ideal M of R with R/M Artinian, 
rank(F/FM) > rank(A/AM). 
Proof. We may assume J(A) = 0, so A is semisimple. The condition is 
clearly necessary. To show it is sufficient, we assume that it holds and that 
f: F+ A is a homomorphism. Let A = f(F) 0 B, and let K = (n ker J; 
f E Hom(F, B)}. By induction, it will suffice to show that if B # 0, there is a 
g: F-+ B such that Ker(f + g) < Ker(f). Since Ker(f + g) = Ker(f)n 
Ker(g), this is possible unless Ker(f) <K. This implies that F/K is 
Artinian, and that for every simple module S appearing in a decomposition 
of B, Im(f) already has as many copies of S as F/K. If r(S) is the 
annihilator of S, and R/r(S) is Artinian, then our hypothesis implies that 
this is impossible, so the simple summands of B must have the property that 
R/r(S) is not Artinian. Factoring out r(S), we conclude that if we assume 
r(S) = 0, then K = 0, whence, by our previous argument, F is Artinian, and 
S is projective, (as a module over R/r(S).) Since R/r(S) is not Artinian, 
R/r(S) has direct sum decompositions of arbitrary length, which is 
impossible if R has right Krull dimension. Similarly, if F is a projective 
generator, then so is F/K as an R/r(S)-module, which is again impossible if 
F/K is Artinian and R/r(S) is not. 
COROLLARY 6.1. Let R be a right Goldie prime ring of right Krull 
dimension one, F a finitely generated projective module, F # 0, and A a 
finitely generated module such that A/J(A) is Artinian. Then there is an 
epimorphism F -+ A tf and only if for every nonzero maximal ideal M, 
rank(F/FM) > rank(A/AM). 
Remark. Of course, either R is simple or all maximal ideals are nonzero. 
Proof From the previous result, it suffices to show that F generates 
A/J(A). For this, in turn, all we need to show is that if S is a faithful simple 
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module, then for any positive integer n, F can be mapped onto the direct sum 
of n copies of S. This is an easy consequence of the fact that since r(S) = 0, 
Ker(Hom(F, S)) = 0. 
COROLLARY 6.2. If R is a ring and A a finitely generated module such 
that A/J(A) is Artinian, then for any integer n > 1, A can be generated by n 
elements tf and only tf for every maximal ideal M of R such that R/M is 
Artinian, A/AM can be generated by n elements. 
This remark is essentially due to Robson, who notes the cyclic case in 
1141. 
Our next result is analogous to Theorem 4. 
LEMMA 1. Let R be a prime Goldie ring of Krull dimension one, U a 
uniform right ideal, and At (i E I) a finite set of finitely generated modules, 
where rr(At) = kt. Then for all but a finite number of maximal ideals M, 
AilAiM ~ ki(UIUM). 
Proof. Lemma 1 implies that ki U is isomorphic to a submodule of A i. 
Since R is left Goldie, A/Z(A) is torsionless, so there is a homomorphism 
Ai+ kiU with singular cokernel. We therefore have a series of 
homomorphism k,U+ A, and Ai + ki U, all with singular cokernels, and 
because R has right Krull dimension one, these cokernels are all Artinian. 
There is, therefore, a finite set X of maximal ideals such that if M is a 
maximal ideal, M $ X, and C is one of these cokernels, then C = CM. It 
follows that if M @Z X, the induced homomorphisms 
(ki U)/(k, U)M -+ A,/A,M and Ai/AiM ~ (ki U)/(ki U)M 
are epimorphisms. Since these are finitely generated semisimple modules, the 
conclusion follows. 
THEOREM I. Let R be a prime Goldie ring of right Krull dimension one, 
A a finitely generated module, and B a finitely generated projective module, 
B # 0. Suppose that for each maximal ideal M, rank(B/BM) > rank(A/AM) 
and that B has a direct sum decomposition B = @y=‘=, Bi such that rank(B) - 
max{rank(Bi)} > rr(A). Then there is an epimorphism B -+ A. 
We give three consequences of this theorem before proving it. In the first 
we assume that B is free. For any module X, we let g(X) be the minimal 
number of generators for X. We let Q be the right quotient ring of R. 
COROLLARY 7.1. If A is a nonzero finitely generated module over a 
Goldie prime ring R of right Krulldimension one, then g(A) is bounded 
above by the maximum of the following numbers: (i) max( g(A/AM)}, where 
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the maximum is taken over all nonzero maximal ideals M; (ii) 
1 + g(A @ Q), where A @ Q is regarded as a (finitely generated) Q-module. 
This is the analogue of the Forster-Swan theorem. Notice that A could be 
singular, with g(A/AM) = 0 for all maximal ideals M, M # 0, in which case 
our result says that A is cyclic (a result of Robson’s.) Note that in contrast 
with the bounded case, the term corresponding to the prime (0) is essential, 
even if g((O), A) = 0. 
The next corollary applies equally well to any situation in which all 
projectives are direct sums of uniforms, but we will restrict to the case of 
Hereditary Noetherian prime rings [3] (hereafter called HNP rings). 
COROLLARY 7.2 Let R be an HNP ring, A a finitely generated module, 
and B a projective module such that B # 0, for every maximal ideal M, 
rank(B/BM) > rank(A/AM), and rank(B) > rr(A). Then there is an 
epimorphism B + A. 
COROLLARY 7.3. Let R be an HNP ring and A and Bftnitely generated 
projective modules of the same rank such that for every maximal ideal M, 
A/AM z BIBM. Let C be any nonzero projective module. Then A is a 
summand of B 0 C. 
For HNP rings, this generalizes a theorem of Roiter’s [ 15, or 17, 6.81. In 
analogy with the case of algebras over a Dedekind ring, we may say 
projective modules A and B are of the same genus if they have the same rank 
and A/AM s B/BM for all maximal ideals M. The behavior of the genus in 
an HNP ring is studied in the last section of [lo]. 
Proof of the theorem. We may assume that the decomposition of B is 
chosen so that if i > j, rank(Bi) > rank(Bj). We choose a uniform right ideal 
U for reference, and let P, be a finite set of maximal ideals such that for all 
other maximal ideals M, B,/B,M ~rrank(B,)(V/UM) for all i, and A/AM z 
rr(A)(U/UM). We construct our epimorphism in stages. Using Theorem 1, 
we choose #r : B, + A such that #i is maximal at the primes in P, and at (0). 
In general, we assume that #,,, : #!! i B, + A is given, such that (i) either $,,, 
is injective or A/Im(#,) is singular, (ii) there is a finite set P, of maximal 
ideals containing P, and such that if ME P, or M & P,, then the induced 
map modulo M is either injective or surjective; (iii) if M E P, - P,, and the 
induced map modulo M is not surjective, then its kernel has rank at most 
(rank(U/UM))(rank B,). We construct #,+ 1 by constructing a 
homomorphism B,, , + A/Im(&,,), and lifting the map we get to a 
homomorphism from B,, i + A and adding it to )m. We use Theorem 1 to 
choose the homomorphism B,, i + A/Im(#,) maximal at the set of primes 
P, U (0). It is clear that if we do this then the resulting #,+ I is either 
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injective or has singular cokernel. If M E P,, our condition implies that the 
map induced by Q)m +i modulo M is injective or surjective. If M E P,, then 
either q4m+, induces a homomorphism modulo M with the same kernel as 4,) 
or h+, induces a surjective map modulo M. We must still consider those 
maximal ideals not in P,. The argument of Lemma 1 makes it clear that 
except for a finite number of maximal ideals, the map induced by 
4 ,n+ ,modulo M is either injective (if $,+ , is injective) or surjective (if #,+ , 
has singular cokernel). We let P,, , be P, and those maximal ideals not in 
P, which are in this exceptional set. If M E P,, , - P,, then 4, induces an 
injection modulo M, and since M 12 P,, it is clear that the kernel of the map 
induced by d,,,, , has rank at most rank@,+ r) rank( U/UM). This verifies the 
induction hypothesis. We proceed in this way until we have constructed 
#+, . The construction of 4, is slightly different. By construction, if 
C = A,/Im(#,_ ,) then C must be singular, and hence Artinian. If ME P,, 
then (#,- ,),,, is injective or surjective, so since rank(B/BM) > rank(A/AM), 
it follows that rank(B,/B,M) > rank(C/CM). For all other maximal ideals 
M, rank(B/BM) 2 rank(A/AM) + rank(B./B,M), and the kernel of (I$,- l)M 
has rank at most rank(B,/B,,M). It follows that the conditions of 
Corollary 6.1 are satisfied, and there is an epimorphism B, + C. This 
completes the proof of the theorem. 
5. EPIMORPHISMS OF NON-PROJECTIVE MODULES 
In this section, we consider the problem of obtaining epimorphisms 
nA -+ B for finitely presented modules A and B, using local data, without 
assuming that A is projective. The standard methods, even in the 
commutative case, fail here, since they are based on passing from B to a 
homomorphic image of B for the inductive step. For algebras over J- 
Noetherian commutative rings of finite J-dimension, we can obtain a result 
by using localization arguments heavily. In this problem, we do no see how 
to avoid the localization in a way which makes a truly noncommutative 
generalization possible. The basic idea is to localize in a natural but non- 
standard way. If S is a commutative ring, and I an ideal, we let T be the set 
of elements of S whose images in S/I are units. The basic point of this 
localization is that (i) if A is an R-module with AZ = 0 then T-‘A = A, and 
(ii) Z(T-‘S) is in the Jacobson radical of T-IS. (See [ 18, Lemma 3.31). In 
particular, if S is J-Noetherian of J-dimension d, and Z contains all minimal 
J-primes, then T-‘S is again J-Noetherian and of smaller J-dimension. 
Except for this observation, the proof of the following theorem is routine. 
THEOREM 8. Let S be a commutative J-Noetherian ring of J-dimension 
d, R an S-algebra such that for each maximal ideal M of S, R, is finitely 
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generated as an S,-module, A aJinitely presented R-module and B a finitely 
generated R-module. Suppose that for each maximal ideal M of S there is an 
epimorphism A, -+ B,. Then there is an epimorphism (d + 1)A --f B. 
Proof: The proof is by induction on the J-dimension of S. Let {P, ,..., P,} 
be the minimal J-primes of S, and L the set of elements of S not in any of 
these primes. L ‘S is then a semilocal ring whose maximal ideals are in one- 
to-one correspondence with the Pi. Note that by localization, there is for 
each prime P an epimorphism A, + B,. By [9, Theorem 41 there is an 
epimorphism L - ‘A + L - ’ B. Since L - i Hom(A, B) = Hom(L - ‘A, L - ‘B), 
(since A is finitely presented), there is a homomorphism fi A -+ B such that 
(f/l): L-IA +L-‘B is an epimorphism. If C = coker(f), then L ~ ‘C = 0, 
and since C is finitely generated, there is an element s E L such that SC = 0. 
We now let T = {t E S: the image of t in S/sS is a unit}. From [ 18, 
Lemma 3.31, we see that T-IS is a J-Noetherian ring of J-dimension at most 
d - 1, whose J-primes correspond to J-primes of S. By induction we infer 
that there is an epimorphism d(T-‘A) + T-‘B. If g: u!A -+ B is a 
homomorphism inducing this epimorphism, then (g, f): &I @A + B is the 
desired epimorphism. (It suffices to remark that the induced map dA + 
B/f(A) = C is an epimorphism, since the natural map C -+ T- ‘C is an 
isomorphism.) 
Remark. This estimate seems to be new, even for modules over a 
commutative Noetherian ring, the only closely related result being an 
estimate of a different type obtained by Evans in[4]. If we specialize to free 
modules A, we obtain the result that a module locally generated by n 
elements is globally generated by n(d + 1) elements. This is much poorer 
than the Forster-Swan estimate, but similar to analogues of the 
Forster-Swan theorem obtained in non-J-Noetherian situations by Carral [l] 
and Vasconcelos and Wiegand [ 181. Wiegand has proved (unpublished) the 
following analogous result. Let S be a commutative ring of Krull dimension 
d (J-dimension will not do), let R be an S-algebra finitely generated as an S- 
module, A a finitely presented R-module and B a finitely generated R 
module, and suppose that for every maximal ideal M of S there is an 
epimorphism A, + B,. Then there is an epimorphism (d + 2)A -+ B. 
6. UNIQUENESS OF EPIMORPHISMS 
In this short section, we consider the question of uniqueness of 
epimorphisms F -+ A up to right equivalence. That is, what conditions on a 
finitely generated module A and a finitely generated projective module F will 
imply that two epimorphisms F + A differ by an automorphism of F. In 
] 191, it is shown that if the ring R has d in the stable range and if A can be 
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generated by n elements, then this uniqueness holds if F is free on m 
generators with m > n + d. (We ‘will not digress into stable range here, 
except to remark that if R is a right Noetherian right fully bounded ring of J- 
dimension k, then k + 1 is in the stable range for R.) In contrast with the 
results of this paper, this estimate depends on the properties of R itself, 
rather than those of R/r(A). In 1131, Levy and Robson, obtained a 
uniqueness result depending on the module A. They show that if A is 
Artinian, (more generally, if A/J(A) is semisimple), and F = C 0 B, where 
there are epimorphisms C -+A and B + A, then epimorphisms F -+ A have 
this uniqueness property. We regard this as a zero-dimensional result, and 
offer a partial generalization to higher dimensions. 
DEFINITION. If A is a module and P a projective module, A is stably 
generated by P if there is an epimorphism P + A and for any module Q and 
any epimorphism V; g): P @ Q--t A, there is a homomorphism $: P-+ Q 
such that f + g#: P + A is an epimorphism. We say A is stably generated by 
n elements if this holds when P is free on n generators. 
THEOREM 9. If A is a module over a ring R and P and Q are projective 
modules such that there is an epimorphism Q + A and P stably generates A, 
then any two epimorphisms P 0 Q -+ A are right equivalent. 
Proof. If df, g): P @ Q + A is an epimorphism, then from the definition 
we know that there is a 4: P + Q such that f + g#: P --f A is an epimorphism. 
If we consider the automorphism (: y): P @ Q--t P @ Q, an easy 
computation shows that (f, g)(: y) = (f + g#, g). As in [ 19, Lemma 11, it 
is easy to check that if (h, k): P @ Q --t A is an epimorphism and h is also an 
epimorphism, then (h, k) is right equivalent o (h, 0). Combining these, we 
see that (f, g) is right equivalent o df + g#, 0). Finally, a similar argument 
(or [ 19, Lemma 1 I), shows that if a: Q + A is some epimorphism fixed in 
advance, then df + g#, 0) is right equivalent to (0, a). Since Q is 
independent off and g, this shows the desired uniqueness. 
COROLLARY 9.1. Let R be a ring satisfying hypotheses (*), A a finitely 
generated right R-module, and s = max{b(P, A)}, where the maximum is 
taken over all J-primes P. Let g(A) be the number of generators of A. Then if 
n > s + g(A), any two epimorphisms nR -+ A are right equivalent. 
This follows from Theorem 9 and Corollary 3.2. This improves the 
estimate in [ 191 if s is less than the smallest integer in the stable range for R. 
This estimate is therefore particularly reasonable for modules of small Krull 
dimension. We recall that if R is a right Noetherian right fully bounded ring, 
and A is a finitely generated R-module, then K dim(A) = K dim(R/r(A)) 
[ 11, 2.1 ]. From this, it is clear that in the above estimate, s < g(A) + 
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K dim(A). To take a very special case, if R is a commutative Noetherian ring 
and A a cyclic module of Krull dimension 1, then epimorphisms F -+ A are 
all right equivalent, provided that F is free of rank at least three. When A has 
Krull dimension 0, then the rank must be at least two, and this result is best 
possible, as is shown by the example R = Z, A = Z/5Z. 
COROLLARY 9.2. Let R be a right fully bounded right Noetherian ring 
and A a finitely generated module such that J-dim(R/r(A)) = d, where 
d < co. Let Fi, 1 < i < d + 2 be finitely generated projective modules each of 
which has an epimorphism onto A. Then any two epimorphisms @fzf Fi -+ A 
are right equivalent. 
ProoJ In the proof of Theorem 3, the fact that we were dealing with a 
direct sum of copies of the same module F was not essential, but a general 
statement would be very complicated unless all of the numbers b(P, Fi, A) 
were the same. In this case, g(P, Fi, A) = 1, and an easy variant of the 
argument for Theorem 3 shows that A is stably generated by a!:‘=‘, Fi. The 
result now follows from Theorem 9. 
This result is clearly related to the previously cited result of Levy and 
Robson for Artinian modules. It also is clearly rather wasteful, and shows 
how much our methods in this paper depend on the existence of decom- 
positions of our projectives. The results here could be much improved if we 
knew that if P was a “large enough” projective, then P would stably generate 
a module A, where “large enough” should be defined in terms of local data 
rather than in terms of a decomposition of P. 
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